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Abstract
Given that the physical properties of polymeric liquids extend on a wide range of lengthscales,
it is computationally convenient to represent them by coarse-grained (CG) descriptions at various
granularities to investigate local and global properties simultaneously. This paper addresses how
modeling the same system with mixed resolutions affects the consistency of the structural and
thermodynamic properties, and shows that it is possible to formally derive interacting potentials
that ensure consistency of the relevant physical properties in the mixed resolution region with
the corresponding atomistic resolution simulations. The composition, temperature, and density
dependences of such Mixed Resolution Potentials (MRPs) are investigated. In the limit of long
polymer chains, where Markovian statistics is obeyed, the MRPs are analytically solved and decay
with characteristic scaling exponents that depend on the mixture composition and CG resolution of
the two components. Adopting MRPs simplifies the structure of multi-resolution simulations while
quantitatively producing the structural and thermodynamical properties of the related atomistic
systems such as radial distribution function and pressure.
a Corresponding author. Electronic mail: mguenza@uoregon.edu
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In molecular liquids, understanding important phenomena such as phase transitions, nu-
cleation, and crystal growth involves analyzing properties related on multiple scales in a com-
plicated way. [1–5] Simultaneous access to different lengthscale resolutions, by modulating
the granularity in the modeling of the molecules, has the advantage of being computation-
ally efficient,[6] while retaining the desired information on all the lengthscales of interest.
In this spirit, a number of multi-resolution approaches have been developed, both at the
quantum[7, 8], and at the classical levels.[9–11] At the classical level, the most successful
method is the Adaptive Resolution Simulations (AdResS) scheme, which involves density
fluctuations and diffusion of molecules from the high resolution, often atomistic, region to
a low-resolution coarse-grained region (and vice versa). However, molecules represented at
different granularity interact through effective CG potentials that depend on both molecular
and physical parameters. When in a simulation, regions represented at different resolutions
are brought together, inaccurate CG potentials produce gradient in pressure and chemical
potential, with the emergence of unwanted spurious forces. In AdResS, this problem has
been mitigated by constructing an intermediate region, the so-called hybrid region, where
molecules at different resolutions are mixed, and properties are gradually changed by the use
of an empirical ’switch function’. Introducing the hybrid region leads to loss of conservation
of either the energy or the momentum.
The question, thus, remains if it is possible at all, in a generic multiscale resolution
scheme, to construct a mixed resolution region, where molecules represented by different
levels of coarse-graining are thermodynamically and structurally compatible; and if this
mixed region can maintain consistencies of structural and thermodynamic properties with
the related atomistic description. Thermodynamics and structural properties of the multi-
resolution approach should be independent of the CG representation, while correctly main-
taining the properties of the underlying atomistic system.
This study addresses these questions by building a mixed resolution region where
molecules with different CG resolutions are shown to have thermodynamic and structural
properties consistent with the atomistic descriptions. The study also answers the questions
of how in a multi-resolution scheme the properties of the effective CG potentials, acting
between molecules with equal and with different CG resolutions, are affected by the granu-
larity of the models selected, and how the physical parameters characterizing the mixtures,
including volume fraction, density, and temperature, affect the Mixed Resolution Poten-
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tials (MRPs). We take advantage of the fact that mixtures of multi-resolution polymeric
liquids afford an analytical solution of the MRPs, because at low enough resolution the
distributions of the CG sites along a long polymeric chain obey Markovian statistics.[12, 13]
Starting from the Integral Equation theory of Coarse-Graining (IECG),[6, 12, 14] which
combines the PRISM approach at the atomistic level[15] with our CG model, we extend the
theory here to mixtures of identical polymer chains, but represented at two different CG
resolutions. The granularity of the mixed resolution model adopted is low because it is only
for these low resolution CG mixtures that it is possible to solve analytically the problem
at hand. The method is demonstrated in the canonical ensemble, but other ensembles are
possible.
We study a binary blend mixture of α and β homopolymers with degrees of polymerization
of Nα and Nβ. The polymer volume fraction for polymers with the same segmental volume
is φ = nαNα/(nαNα + nβNβ), where nα and nβ are the number of chains of type α and β
in the mixture, respectively.[4] In addition, the monomer density for a given species of α is
defined as ρmα = ρmφα, where ρm = (nαNα + nβNβ)/V , and V is the volume of the system.
Similarly, the chain density for a given species of α is defined as ρcα = ρmα/Nα.
In the IECG approach, each polymer is coarse-grained into a number of CG sites (also
called blobs), nbα, and the density of blobs for a given species, ρbα, is related to ρcα via
ρbα = ρcαnbα. Figure 1 shows a snapshot of the IECG simulations for a mixed resolution
mixture with nbα = 4 and nbβ = 1. In a shorthand notation this mixture is reported as
nb4/nb1, where nb4 means that nbα = 4.
The generalized Ornstein-Zernike (OZ) matrix relation[16] for this binary system is ex-
pressed as a function of monomer sites and the CG (auxiliary) sites structural distributions
in Fourier space as
Hˆ(k) = Ωˆ(k)Cˆ(k)
[
Ωˆ(k) + Hˆ(k)
]
, (1)
where Hˆ(k), Ωˆ(k), and Cˆ(k) are block matrices of rank 4 representing the total, intramolec-
ular, and direct correlation functions for the aforementioned binary system, respectively.[16]
Considering the intra and inter molecular correlations between monomers and CG units, and
between CG units, and approximating the monomer-monomer direct correlation functions
by their large-scale k → 0 behavior (c0), the IECG equation for a mixture gives the total
self and cross correlation functions between CG (blob) sites as
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FIG. 1: A snapshot from the IECG MD simulation trajectory of a binary mixture of polymer chains of
linear polyethylene with one degree of polymerization and identical chemical structure, but different CG
resolutions. The two components have the same mean-square end-to-end distance and c0 values, while the
first component is represented by a chain of 4 CG sites (nb4) and the second component by a single CG
site (nb1).
hˆbbαα(k) = −
Ωˆmbα (k)
2
(
nbαΓbα + δΓΩˆ
mm
β (k)
)
ρcαΛ
, (2)
where hˆbbββ(k) is obtained by interchanging α and β labels in the formula for hˆ
bb
αα(k) and
hˆbbαβ(k) = −
(
nbαnbβ
ρcαρcβ
)1/2 ΓbαβΩˆmbα (k)Ωˆmbβ (k)
Λ
, (3)
where Γbα = −Nbαρmαc0αα, Nbα = Nα/nbα and Γbαβ = −
√
NbαNbβρmαρmβc0αβ and Λ is
given by
Λ = 1 + nbαΓbαΩˆ
mm
α (k) + nbβΓbβΩˆ
mm
β (k) + δΓΩˆ
mm
α (k)Ωˆ
mm
β (k), (4)
where δΓ = nbαnbβ (ΓbαΓbβ − ΓbαβΓbαβ) and Ωmbα and Ωbbα are the intramolecular correlation
functions that obey Gaussian statistics.[17]
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The direct correlation functions between CG sites in the mixture are then determined by
solving the 2× 2 OZ matrix equation for a mixture consisting of the blob sites only:
Cˆbb(k) =
(
Ωˆbb(k)
)
−1
Hˆbb(k)
[(
Ωˆbb(k) + Hˆbb(k)
)]
−1
. (5)
In the small k limit, the analytical solution of the direct correlations may be obtained by
factoring out Γbα, Γbβ , and Γbαβ from cˆ
bb
αα(k), cˆ
bb
ββ(k), and cˆ
bb
αβ(k), respectively, and rescaling k
to kΓ
−1/4
bα , kΓ
−1/4
bβ , and kΓ
−1/4
bαβ , respectively. This allows one to expand the direct correlations
in k space and, after taking the limit of long polymer chains, one can neglect the contribution
of large wave vectors and derive the direct self and cross correlation functions, which are
thus approximated to the leading order as
cˆbbαα(k) ≈ −
ΓbαNbα
ρmφα
45 (45γ2α + k
4ζ4(γαγβ − 1))
452γ2α + 45k
4γα (γα + γβζ4) + k8ζ4 (γαγβ − 1) , (6)
and
cˆbbαβ(k) ≈ −
Γbαβ
ρm
√
NbαNbβ
φα(1− φα)
452
452 + 45k4 (γα + γβζ4) + k8ζ4 (γαγβ − 1) , (7)
with
γα =
(
φαNbα
(1− φα)Nbβ
)1/2
c0αα
c0αβ
, (8)
and
γβ =
(
(1− φα)Nbβ
φαNbα
)1/2
c0ββ
c0αβ
. (9)
Note that k is expressed in units of Rgbα and ζ = Rgbβ/Rgbα, where Rgbα = Rgα/
√
nbα.
Additionally, Γbα = γαΓbαβ , Γbβ = γβΓbαβ , and Γbαγβ = Γβγα.
In the limit of a polymer binary mixture where the two components are given by the
same polymer represented at two different levels of coarse-graining resolution, the equations
are further simplified, considering that Nα = Nβ, Rgα = Rgβ , and γαγβ = 1. At liquid
density it is possible to derive an analytical solution of the MRPs for the components in the
multi-resolution mixture by considering that at liquid densities the closure to the generalized
OZ equation can be assumed to follow the Mean Spherical Approximation (MSA).[13, 18]
Furthermore, considering that the polymer chains are long enough to be well represented
by chains of CG sites that follow a Markovian space distribution, the formal solution of
the potentials for the multi-resolution mixture is readily calculated. Note that numerical
potentials can be derived in more general cases of variable polymer density, length, and
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chemical nature by applying the HyperNetted Chain (HNC) closure approximation, which
is very accurate for systems interacting through soft CG potentials. Numerical data from
Molecular Dynamics (MD) IECG simulations reported in this paper make use of the HNC
potential solved numerically.
In units of Rgbα the MRPs between the components of the multi-resolution mixture are
given as
U bbαα(r) = kBT
Γbαη
3
αNbα
2piR3gbαρmφα
sin(ηα r)e
−ηα r
ηα r
, (10)
with
ηα =
√
3
2
51/4
(
1
Γbα(1 +
ζ4
γ2α
)
)1/4
, (11)
and
U bbαβ(r) = kBT
Γbαβη
3
αβ(NbαNbβ)
1/2
2piR3gbαρm(φα(1− φα))1/2
sin(ηαβ r)e
−ηαβ r
ηαβ r
, (12)
with
ηαβ =
√
3
2
51/4
(
1
Γbαβ(γα + γβζ4)
)1/4
. (13)
These equations are appropriate approximations for the long-range repulsive component of
the inter bead potentials (see Figure S3). The range of the MRP in units of Rgbα is found
to scale as (Γbα(1 + ζ
4/γ2α))
1/4 ∝ ρ1/4m c1/40 N1/4bα (φα + (1 − φα)n3bα/n3bβ))1/4, where the direct
correlation function is density and temperature dependent. For a given species α, as the
granularity of the CG description increases (fine-grained representation), the function Γbα
decreases and, together with the mixture composition, they determine the decay of the
repulsive part of the MRP.
The MRPs for a mixture consisting of chains represented by four CG sites (nb4) and
chains represented by two CG sites (nb2) are presented in Figure 2 for various mixture
compositions. Here, a c0 value of −9.0 A˚−3 and a mean square end-to-end distance (〈R2〉) of
970 A˚2 have been used for all chains as an input to the IECG potential. These parameters are
consistent with the chain dimension and liquid pressure of the atomistic simulation. In this
example, the polymer chains have degree-of-polymerization N = 300, temperature 503 K
and a monomer density of 0.03296 A˚−3. The range of the MRP between nb4 species increases
as the volume fraction of the nb2 species increases; therefore, the range of MRP between nb4
chains is more long-ranged in the mixture than in the pure polymer melts. This is because in
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FIG. 2: The analytical effective coarse-graining (CG) potential for the mixture consisting of the polymer
melts with the degrees of polymerization N = 300 represented by a mixture of four-blob chains (α species),
and two-blob chains (β species), at various compositions (volume fraction of species α, φα) at 503 K and a
monomer density of 0.03296 A˚−3. In the inserts are details of the attractive part of the potentials. Left:
the effective CG potentials between CG sites consisting of nbα = 4 blobs with Nbα = 75 monomers per
blob. Right: the effective CG potentials between CG sites consisting of nbβ = 2 blobs with Nbβ = 150
monomers per blob.
the mixtures, the interactions are mediated by the mixture containing nb2 species, which are
long-ranged: the many-body contributions to the pairwise potential between the nb4 species
increase the range of their MRP. On the other hand, as the composition of nb2 species in
the mixture increases, the many-body effects for this species propagate to longer distances,
resulting in the increase of the range of MRP between the nb4 species. It is worth mentioning
that similar behavior is observed for the CG interactions between nb4 and nb2 species (results
not shown).
Making use of the numerical HNC CG potential, one can directly compare the properties
of the CG simulations to the atomistic ones, from which the starting parameters of c0 and
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FIG. 3: Comparison of the radial distribution functions (RDFs) for identical and different species present
in the nb4/nb2 mixture at a volume mole fraction of φ = 0.5. Left top panel: Effective CG forces between
mixture components: note that chains are represented by 4 CG sites (α species) and 2 CG sites (β
species). Top right panel: RDF between chains with 4 CG sites. Bottom left panel: RDF between chains
with 2 CG sites. Bottom right: RDF between chains with 4 and 2 CG sites, respectively. The RDFs
obtained by the IECG theory (solid lines) are within the statistical uncertainties of the RDFs from the
IECG simulations (orange squares), and the ones from the atomistic simulations (blue triangles).
polymer square end-to-end distance, R2, were extracted. The convergence of the related
properties in the atomistic simulations are presented in the supplementary materials (SM).
Figure 3 shows the effective CG force between various species in the nb4/nb2 mixture at
a volume fraction of φ = 0.5. For all species, the repulsive force increases and reaches a
peak (inflection point of the MRP) at distances less than Rgbα, and then decays gradually,
resulting in a tail. The attractive force only appears at distances larger than Rgbα. It is
noticeable that in such mixtures the peak of the force for the higher resolution species appears
at shorter distances, suggesting that the repulsive force for the higher level of CG is softer.
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Figure 3 also compares the RDFs obtained from the IECG simulations in the canonical
ensemble with the ones obtained by the IECG theory for polymer mixtures discussed here.
First, excellent agreement is observed between the IECG simulation results and the IECG
theoretical results. More importantly, the difference between the atomistic simulation data
and the IECG results for all species lies within the statistical uncertainties. Note that the
coordinates of the positions of the CG sites in atomistic simulations of polymer melts were
obtained by calculating the related centers of masses and in the aforementioned mixtures we
assumed that the polymer chains in the atomistic simulations were randomly partitioned in
a mixture of chains with four CG sites and chains with two CG sites, at the given volume
fraction, φ. Therefore, the MRPs used in the IECG mixture simulations indeed produce
accurate RDFs consistent with the atomistic RDFs.
TABLE I: The calculated average pressure values for mixtures consisting of soft sphere/multiblob models
with various resolutions representing a polymer melt with N = 300. All mixtures contain four-blob models
(nb4): nb4/nb1, nb4/nb2, nb4/nb6, and nb4/nb10, where nbx indicates that the polymers are represented by x
number of blobs. In particular, the pressure consistency is shown for various compositions for nb4/nb2 at
503 K and 563 K. Note that the atomistic pressure values for this polymer melt at 503 K and 563 K are
343± 4 and 630± 3 atm, respectively.
nb4/nbβ mixtures; φα = 0.5; T = 503 K
nbβ 1 2 6 10
Ptheory 343.5 342.9 341.8 342.4
Psim 343.7 343.3 343.4 344.6
nb4/nb2 mixtures at various φα; T = 503 K
φα 0 0.25 0.5 0.75 1.0
Ptheory 343.3 343.1 342.9 342.6 342.0
Psim 343.5 343.3 343.3 343.2 343.2
nb4/nb2 mixtures at various φα; T = 563 K
φα 0 0.25 0.5 0.75 1.0
Ptheory 629.2 629.0 628.6 628.0 626.5
Psim 629.5 629.3 629.2 629.2 629.8
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Furthermore, the pressure values can be calculated either from the IECG simulations
and/or the IECG theory and compared with the atomistic simulations. The IECG theory
starts from the statistical mechanical definition of the pressure in the canonical ensemble,
i.e. P = kBT (∂ lnZ/∂V )n,T , where Z is the classical configurational integral,[5, 19] and
calculates the kinetic, intramolecular, and intermolecular contributions of the pressure mak-
ing use of the intramolecular distribution functions that are obtained from the Gaussian
statistics. Moreover, the IECG simulations use the virial equation to obtain the pressure.
The top part of Table I reports the total pressure values for mixtures consisting of the nb4
species with a mole fraction of 0.5 and other species with different granularities. As the level
of CG decreases, the kinetic contributions increases and is compensated with the decrease in
the virial pressure (see SM). Therefore, the IECG formalism results in values of the pressure
that are, within a small margin of error, constant as the resolution of one the species in
the CG mixture is varied. In all cases the IECG pressure values lie within the statistical
uncertainties of the ones obtained from atomistic simulations.
It is important to show that the MRP at various compositions in multi-resolution simu-
lations produces not only accurate pressure but also accurate structural properties. The left
panel of Figure 4 shows the numerical MRP between the nb4 species at two temperatures for
various compositions in a polymer mixture consisting of chains with two blobs and chains
with four blobs. As the volume fraction of high resolution species (nb4) in the mixture in-
creases, the many-body effects of the nb2 component become less dominant, decreasing the
range of the potential, while the values of the MRP at contact increase. The right panel of
Figure 4 shows that the RDFs obtained from the IECG simulations at various compositions
at two temperatures are all in excellent agreement and they are within the uncertainties of
atomistic simulations. In the second and bottom panels of Table I the pressure values for
a mixture of nb4 and nb2 species at variable volume fraction φ are presented at two differ-
ent temperatures: all of the pressure values are within the statistical error of the related
atomistic simulations.
The most challenging part in most multi-resolution simulations is the treatment of the
mixed region, which is physically connecting simulations with different resolutions. When
put into contact, regions with different CG representations usually display different struc-
tural and thermodynamic properties, which lead to the emergence of unphysical forces in
the mixed region.[9, 10, 20–22] In this work, we use liquid state theory principles to de-
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FIG. 4: The radial distribution functions generated from composition dependent effective CG potentials.
Left panel: the numerical effective CG potentials for various compositions of the polymer melts
represented by di- and four blob models. The composition is shown in terms of the volume fraction for
four blob polymer melts, φα. Right panel: the radial distribution functions obtained from the IECG
simulations using the effective CG potentials for various compositions. Note that the atomistic radial
distribution function is reported for the four blob model corresponding to a volume fraction of one.
velop a multi-resolution description of a region where macromolecules are represented with
CG models with different resolutions. Note that the properties of the mixed region are
quantitatively consistent with the single-resolution CG samples and with the corresponding
atomistic representations. This consistency in pressure, radial distribution function, and
molecular density allows liquids at various resolutions to be compatible with each other,
opening up the possibility for future applications of this method in the contest of con-
ventional multi-resolution methods. We note that while in conventional multi-resolution
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simulations, atomistic and fine-grained resolutions are considered, here more extreme levels
of coarse-graining are used and directly compared to the atomistic simulations. Selecting
this model has the advantage of allowing for a formal, analytical solution to the problem.
We show that the effective CG potentials for the pure CG simulations are different from
the MRPs for the CG multi-resolution simulations. Multi-resolution simulations that use
the composition-dependent MRPs are shown to reproduce accurately the structural and
thermodynamical properties of the atomistic polymeric liquid as well as of the pure CG
simulations (see Figure 4) considering the relatively short-range repulsive and relatively
long-range weak attractive CG interactions. Consequently, we show that significantly dif-
ferent MRPs generate almost indistinguishable pair correlations and pressure values. We
note that the effective χeff parameter[23] defined by χeff ∝ c0αα + c0ββ − 2c0αβ is zero for
such systems, which suggests that the phase separation of species does not occur for such
multi-resolution simulations as expected. Standard molecular dynamics algorithms can be
used to integrate out the equation of motions for multi-resolution systems, but the timestep
is restricted to the fastest motions of the highest resolution component. Multiple timestep
methods such as the Reversible Reference System Propagator Algorithms[24] may be used
to enhance computational efficiency.[6] Therefore, the current formalism opens an avenue to
rigorously use molecular simulations to study polymeric liquids at various resolutions in the
length- and time scales relevant to advanced problems in polymer physics.
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